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Abstract: An umbilical point is called simple if it cannot be broken into simpler umbilical points by a
small deformation of the corresponding surface in E3. The old result of Cayley and Darboux establishes
a topological classification of simple umbilics. We improve this result in two directions. First, we apply a new
method of reduction to the planar vector fields with an isolated singularity. Secondly, a closer examination
of the transversality condition gives an extra simple umbilic whose phase portrait accounts tangencies of the
curvature lines. In particular, we are able to characterize “stable” jets of C∞-immersions in E3.
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Introduction
Smooth immersions of compact surfaces into the Euclidean space E3 represent a longstand-
ing subject of interest. A discovery of compact CMC-surfaces of genus g > 1 by Wente and
Kapouleas stimulated recent research in this area.
Denote by I (S, E3) a space of C∞-immersions of 2-dimensional, compact, orientable man-
ifold S into the space E3. Every i ∈ I defines a pair of orthogonal foliations (F1,F2) formed
by the lines of minimal and maximal curvature. If S 6= T 2 one cannot avoid umbilical points:
Sing F1 = Sing F2 = {x ∈ S | kmin(x) = kmax(x)}. It is recognized that the global behaviour
of (F1,F2) depends on the local configuration of the orthogonal net near such points. Despite
powerful calculus elaborated for immersions i ∈ I , the “differential equation” of umbilical
point
A(u, v) du2 + 2B(u, v) du dv + C(u, v) dv2 = 0 ,
A(0, 0) = B(0, 0) = C(0, 0) = 0 (1)
cannot be integrated by known standard methods (unfolding, desingularization, blowing-up,
etc.). An obstruction for this is the non-orientability of the net near umbilical points.
Cayley and Darboux suggested two (in fact different) methods to integrate (1). Under a
genericity assumption, Cayley “solves” quadratic equation (1) with respect to the variable
du/dv, cf. [1]. A price for this is two-valuedness of the square root and subsequent difficulties
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with the characteristic curve consisting of singular points. The final result is correct due to an
excellent intuition of the author.
On the other hand, Darboux’s method is more geometric: to avoid two-valuedness Darboux
adds an extra dimension whose projection gives the vector field (1). The singular characteristic
curve corresponds to the orthogonal projection of 3-dimensional vector field. Darboux obtains
the same classification of simple umbilics as Cayley in an elegant geometric way using little
calculus.
Further interest in umbilical points has been stimulated by the following conjecture due to
Carathe´odory: Prove (or disprove) that the index of an isolated umbilical point of an ovaloid
cannot exceed+1. This conjecture was solved in the affirmative by Hamburger, Bol and Klotz
in the 30’s and 50’s, using “local” arguments. A shorter “global” proof based on the study of
geodesic lines related to a singular metric induced by a holomorphic 2-form, is suggested in
[6, Ch. 13].
For further history of the subject we refer to an excellent monograph of Gutierrez and
Sotomayor [5]. The same authors made important contributions to the problem of integration
of (1) in [4].
In the present note we suggest a new method which reduces integration of (1) to integration
of a planar (Z2-symmetric) vector field with isolated singularity. As a consequence, we get a
finer classification of simple umbilics as well as the following:
Stability Theorem. Let x ∈ S be an isolated simple umbilical point of C∞-immersion i ∈ I
of the surface S into E3. Then the 3-jet of the germ i(x) at the point x is topologically sufficient.
Moreover, the configurations of principal curvature lines near the point x fall into a finite
number of classes, shown in Figure 1.
Structural stability of general non-orientable foliations was considered in [6].
The paper is organized as follows. Sections 1 and 2 are preliminary. Main lemma, which
implies the stability theorem is proved in Section 3. The stability theorem is formulated in
Section 4 and proved in Section 5.
1. Foliations
Foliations on 2-dimensional manifolds represent a natural generalization of flows on 2-
dimensional manifolds. (Roughly speaking foliations are “flows” which admit a finite number
of non-orientable singularities.) Like a flow, foliations, F, have a very simple local structure
in regular points, where they look like a family of parallel lines. Unlike flows, the set Sing F
may have singularities which cannot be thought of as a phase portrait of a flow (such are called
non-orientable and their Euler–Poincare´ index is semi-integer).
Although it is impossible to produce a foliation F, given on a surface S, with help of a
flow on the same surface, this goal can be achieved on some auxiliary surface, W , which is a
double covering for S with the ramification set over the non-orientable singularities of F. At
the ramification points the surface W looks like a Riemannian surface of the complex function
z 7→ z2, and in whole is uniquely defined by S and Sing F. Below the foliations are introduced
axiomatically.
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Definition 1. A foliation F of differentiability class Cr is defined to be a triple (W, pi t , θ),
where pi t : W × R→ W is a Cr -smooth flow; θ : W → W, θ2 = idW is an involution on W ,
which satisfies the following axioms:
(A1) θ preserves the orbits O(x) = {pi t(x)|t ∈ R} of the flow pi t , that is ∀x ∈ W
O(θ(x )) = θ(O(x )) ;
(A2) θ fixes a finite even number of points V = {p1, . . . , p2k} on W ;
(A3) if V = ∅, then W consists of two connected components W1 ∪W2, so that the involution
θ : W1 → W2 is a homeomorphism between them. FoliationF = (W, pi t , θ) is called orientable
if V = ∅. Otherwise it is non-orientable.
Clearly, if a triple F = (W, pi t , θ) is given and V 6= ∅, then factorizing with respect to θ ,
one obtains a non-orientable foliation F = pi t/θ of the surface S = W/θ . It is a remarkable
fact, that the converse is also true.
Let F be a foliation on a surface S with 2k non-orientable singularities and q orientable
singularities. Propositions below follow from properties of Riemann surfaces.
Proposition 1. Let V = {p1, . . . , p2k} be an even number of points on a compact orientable
surface S. Then there exists a unique two-fold ramified covering compact orientable surface,
W , with a covering mapping p : W → S and ramification points of index 2 at V . Moreover,
there exists a homeomorphism θ : W → W , which fixes points p−1(V ) (and only them), and
such that θ2 = idW . For the surface S it holds S = W/θ .
Proposition 2. Denote by gW the genus of a surface W , which covers twice a surface S of
genus gS , with a ramification set V = {p1, . . . , p2k}. Then the following formula is valid:
gW = 2gS + k − 1.
Proposition 3. A foliation F on the surface S can be written as a triple (W, pi t , θ), where the
flow pi t has 2(k + q) singularities (all of which are orientable).
Axioms A1–A3 imply certain symmetry of the flow pi t . Let F = (W, pi t , θ) be a non-orientable
C∞-foliation on a compact surface W . In this case the set V 6= ∅. Let p ∈ V be a fixed
point of the involution θ . Take a small neighbourhood U of p, which does not contain other
fixed points of θ . As it follows from the above remarks, ∀t ∈ R and ∀x ∈ U it must hold
θ(pi t x) = pi−t(θx). The involution θ is conjugate to rotation through the angle pi so that
in a proper chart (u, v) ⊂ U it acts by the formula (u, v) 7→ (−u,−v). The vector field
w(x) = P(u, v)(∂/∂u)+ Q(u, v)(∂/∂v) written in this chart is symmetric,
P(u, v) = P(−u, −v) , Q(u, v) = Q(−u, −v) , P(0, 0) = Q(0, 0) = 0 ,
with regard to the action of the group Z2 generated by the involution θ . (In what follows, such
a symmetry is called a Z2-symmetry of the vector field w.)
An important consequence of Z2-symmetry is that the (2k − 1)-monomials of w(0) must
vanish for all k ∈ N. (Thus far,w(0)has no linear part, and also every odd-degree monomial in its
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N -jet is zero.) This corresponds to the vector field given by the system of differential equations
du
dt
= P2(u, v)+ φ(u, v) ,
dv
dt
= Q2(u, v)+ ψ(u, v) , (2)
where P2 and Q2 are homogeneous quadratic polynomials, and φ(u, v) = O(u2 + v2),
ψ(u, v) = O(u2 + v2) as u2 + v2 → 0, are higher 2k-degree monomials, k > 2.
2. Invariants of the 2-jets
Quadratic polynomials P2(u, v) and Q2(u, v) in the right-hand sides of (2) are the “main
part” of the germ w(0). In this section the action of the general linear group GL2(R) on the
2-jets of w(0)
du
dt
= a111u2 + 2a112uv + a122v2,
dv
dt
= a211u2 + 2a212uv + a222v2 (3)
is studied. We search for the simplest (normal) forms of (3) under the GL2(R)-actions. This
will be our first task. The second one is to give an invariant description of the GL2(R)-orbits
of the normal forms obtained. (The terminology and the general introduction to the topic can
be found in [7].)
For the sake of brevity we set
µ = (a111a222 − a122a212 )2 − 4(a111a212 − a112a211 )(a112a222 − a122a212 ) ,
η = −27(a122 )2(a211 )2 − 4a122(a111 − 2a212 )3
+ 18a122a211(a111 − 2a212 )(a222 − 2a112 )
− 4a211(a222 − 2a112 )3 + (a111 − 2a212 )2(a222 − 2a112 )2,
R = [3a211(a222 − 2a112 )− (a111 − 2a212 )2 ] x2
+ [(a111 − 2a212 )(a222 − 2a112 )− 9a122a211 ] xy
+ [3a122(a111 − 2a212 )− (a222 − 2a112 )2 ] y2,
θ = (a111a212 − a211a112 )
[
a
1
11a
1
22 − (a112 )2 − 2a212a122
]
+ (a112a222 − a212a122 )
[
a
2
11a
2
22 − (a212 )2 − 2a112a211
]
+ (a111a222 − a211a122 )(a122a211 + a112a212 ).
(All of them are proved in [7] to be GL2-invariants or comitants of (3).) Denote by J0 ⊂ J a
subspace J0 = E0 ∪ E2 of 2-jets, such that E0 = {µ 6= 0} and E2 = {µ = θ = 0, η < 0}.
The set E0 of codimension 0 consists of pairs (P2, Q2) which are relatively prime (in other
words, have neither linear factors nor proportional). The set E2 of codimension 2 consists
of (P2, Q2) having a quadratic common factor M(u, v), which is indecomposable into linear
factors. The following proposition is valid.
Lemma 1. Quadratic system (3) of the class J0 can be brought by linear non-degenerate
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transformations q ∈ GL2(R) to one of the following k-parametric normal forms, k 6 2.
(I) In the case η < 0
du
dt
= αu2 + βuv − v2, dv
dt
= (α + 1) uv + βv2, α 6= 0 ;
(II) In the case η > 0
du
dt
= αu2+ (β − 1) uv, dv
dt
= (α − 1) uv+βv2, αβ(α + β − 1) 6= 0 ;
(III) In the case η = 0, R 6= 0
du
dt
= αu2 + uv, dv
dt
= (α − 1) uv + v2, α 6= 0 ;
(IV) In the case η = R = 0
du
dt
= uv, dv
dt
= ±u2 + v2.
Proof. Due to the importance of this lemma we give an idea of its proof. Let us consider a
differential 1-form
ω = (a211u2 + 2a212uv + a222v2 ) du − (a111u2 + 2a112uv + a122v2 ) dv
= a211u2du + (2a212uv du − a111u2dv)+ (a222v2du − 2a112uv dv)− a122v2 dv ,
which vanishes on (3). There is a natural isomorphism V ⊗V ⊗dV ∼= V ⊗V ⊗V between the
differential forms ω and the space of cubic forms. Therefore it is sufficient to study GL2(R)-
normal forms of the following cubic:
F = a211u3 + (2a212 − a111 ) u2v + (a222 − 2a112 ) uv2 − a122v3.
(The cubic form F is called a comitant form of system (3)). It does not vanish identically, since
otherwise we had µ = η = θ = 0. Note also that the discriminant of F coincides with η, and
the geometrical meaning of F = 0 is the equation of separatrices through 0.) It is a classical
result that by the linear transformations q ∈ GL2(R) a cubic form can be brought to either of
the following normal forms
(I) v(u2 + v2 ), (II) uv(v − u), (III) u2v, (IV) u3.
The above normal forms correspond to the possible distribution of the roots of F : it is either
(1R, 1C, 1C) (one simple real root and two complex conjugate roots), or (1R, 1R, 1R) (three
simple real roots, or (2R), 1R) (one double and one simple real), or else (3R) (one triple real
root). Comparing (I)–(IV) with F , one obtains immediately
(I) a211 = a222 − 2a112 = 0, 2a212 − a111 = 1, a122 = −1,
(II) a211 = a122 = 0, a222 − 2a112 = 1, 2a211 − a111 = −1,
(III) a211 = a222 − 2a112 = a122 = 0, 2a212 − a111 = 1,
(IV) a211 = 1, 2a212 − a111 = a222 − 2a112 = a122 = 0.
To obtain normal forms (I)–(IV) mentioned in the lemma, it remains to denote a111 by α and
a222 by β, and substitute it in (3). In the case of the normal forms (III) and (IV) an additional
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simplification is available. Namely, substituting v 7→ β−1v in the case of (III) and u√|β| 7→ u,
αu + βv 7→ v in the case of (IV), one comes to its final form, mentioned in Lemma 1. (In the
last case, sgn β corresponds to ± in the normal form (IV)). The restrictions on the parameters
α and β follow from the condition µ 6= 0, what can be checked directly. In case (I) the
condition α 6= 0 is equivalent to {µ 6= 0} ∪ {µ = θ = 0}, where µ = −α[(α + 1)2 + β2],
θ = (α + 1)[(α − 1)2 + β2].
Also a direct computation of η and R for (I)–(IV) gives us an GL2(R)-invariant description
of the orbits of the normal forms obtained. Lemma 1 is proved. ¤
3. Stability Lemma
Here we continue to study (non-orientable) singular points of foliations, given by (2). It is
always supposed that {µ 6= 0} ∪ {µ = θ = 0, η < 0} for the 2-jets of (2). It turns out that
these (and only these) conditions guarantee the 2-jet to be C0-sufficient. (That is there exists a
homeomorphism h : U → U which maps the orbits of (2) in the neighbourhood U of 0 to the
orbits of the “shortened” system (3).) The following proposition is valid.
Lemma 2. A 2-jet of the germ w(0) given by (2) is topologically sufficient if and only if it
belongs to the class J0.
Proof. (A) Sufficient conditions. We suppose that the 2-jet J0 of (2) has been brought to
one of the normal forms (I)–(IV) of Lemma 1. Our proof will consist in the step-by-step
desingularization of the germ w(0) at the critical point 0. The relevant technique is described
by Dumortier [3]. The idea of the method is to decompose the singularity by the blowing-up
procedure into simpler singularities.
Normal form (I). The blowing-up process of resolving (unfolding) the singularity at the point
(0, 0), works as follows. After the first step of blowing-up, system (2) in the local chart (u, η),
where η = v/u, gets the form
du
dt
= αu + βuη − uη2 + 1
u
φ(u, uη),
dη
dt
= η + η3 − η
u2
φ(u, uη)+ 1
u2
ψ(u, uη),
(4)
and in the local chart (θ, v), where θ = u/v, it can be written as
dθ
dt
= −1− θ2 − θ
v2
ψ (θv, v)+ 1
v2
φ(θv, v),
dv
dt
= βv + (α + 1) θv + 1
v
ψ(θv, v).
(5)
First, let us notice that there exists a characteristic orbit u = 0, which enters the origin of (4).
This implies that the (0, 0) of the system (2) also admits such an orbit. This guarantees (together
with the Lojasiewicz conditions) that blowing-up will be stopped after a finite number of steps,
cf [3]. (Although it will be checked immediately below).
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At the axis u = 0 the system (4) has a unique singular point (0, 0), which is, by the condition
α 6= 0, elementary (a node when α > 0 and a saddle when α < 0). At the axis v = 0 the
system (5) has no singular points and therefore no trajectory of the system (2) enters the origin
in the direction u = 0. Thus, after the first step of the blowing-up process, we obtain hyperbolic
singular points. It follows readily from (4) and (5) that the perturbation terms φ and ψ do not
change the scheme of elementary points of the singularity. (Since the coefficients of the higher
degree monomials of (2) do not enter the linear parts of (4) and (5).) It means that the 2-jet
du
dt
= αu2 + βuv − v2, dv
dt
= (α + 1) uv + βv2
of the germ (2) is C0-sufficient and defines the topology of orbits near the origin of (2). Note that
the conjugating homeomorphism h satisfies the equality h(−x,−y) = −h(x, y), and therefore
h commutes with the involution θ .
Normal form (II). Blowing-up the singularity at the origin of the system (2) with the 2-jet of
the form (II), we rewrite (2) in the local charts (u, η) and (θ, v) as follows:
du
dt
= αu + (β − 1) uη + 1
u
φ(u, uη),
dη
dt
= −η + η2 − η
u2
φ(u, uη)+ 1
u2
ψ(u, uη);
(6)
dθ
dt
= −θ + θ2 − θ
v2
ψ(θv, v)+ 1
v2
φ(θv, v),
dv
dt
= βv + (α − 1) θv + 1
v
ψ(θv, v).
(7)
The system (6) has two singular points at the axis u = 0: M1(0, 0) and M2(0, 1). At M1 the
eigenvalues of system (6) are: λ1 = α, λ2 = −1 and at M2 : λ1 = α + β − 1, λ2 = 1. By
the condition αβ(α + β − 1) 6= 0, points M1 and M2 are elementary.
System (7) has a unique singular point M3(0, 0) which lies on the axis v = 0. M3 is
an elementary singularity since at this point λ1 = −1, λ2 = β 6= 0. Thus, the scheme of
elementary points of the singularity of system (2) with the 2-jet of form (II), does not depend
upon terms of the order higher than 2. As before, it means that the 2-jet
du
dt
= αu2 + (β − 1) uv , dv
dt
= (α − 1) uv + βv2
of the germ (2) is C0-sufficient, and defines completely the topology of orbits near the ori-
gin of (2). Here again, the conjugating homeomorphism h commutes with the involution θ ,
h(−x,−y) = −h(x, y).
Normal form (III). Unfolding the singularity of (2) with the 2-jet in the normal form (III),
let us rewrite (2) in the local charts (u, η) and (θ, v),
du
dt
= αu + uη + 1
u
φ(u, uη),
dη
dt
= −η − η
u2
φ(u, uη)+ 1
u2
ψ(u, uη),
(8)
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dθ
dt
= θ2 + 1
v2
φ(θv, v)− θ
v2
φ(θv, v),
dv
dt
= v + (α − 1) θv + 1
v
ψ(θv, v).
(9)
At the axis u = 0 the system (8) has a unique singularity (0, 0) with the eigenvalues λ1 = α,
λ2 = −1. By the condition α 6= 0, this singularity is elementary hyperbolic, being a saddle if
α > 0 and a node if α < 0.
The unique singularity (0, 0) of the system (9) is also elementary (non-hyperbolic). It can
be easily seen, that it is a saddle-node of the multiplicity 2. Therefore, the singularity scheme
is completely defined by the above two singularities, and does not depend upon higher degree
monomials of the germ (2). It means that the topology of (2) is defined by its 2-jet
du
dt
= αu2 + uv , dv
dt
= (α − 1) uv + v2.
Normal form (IV). Finally, let us unfold the singularity of the germ w(0) with the 2-jet in the
form (IV). In the local charts (u, η) and (θ, v) it takes the form
du
dt
= uη + 1
u
φ(u, uη),
dη
dt
= ±1− η
u2
φ(u, uη)+ 1
u2
ψ(u, uη),
(10)
dθ
dt
= ∓θ3 + 1
v2
φ(θv, v)− θ
v2
ψ(θv, v),
dv
dt
= v ± θ2v + 1
v
ψ(θv, v).
(11)
There are no singular points of (10) at the axis u = 0. Taking another chart given by (11), we
find that there is a unique singularity (0, 0) which lies at v = 0. It is again elementary non-
hyperbolic. According to the sign ∓ it is either a saddle (–) or a node (+) of the multiplicity 3.
Thus, the singularity scheme is not influenced by the higher-order monomials of (2), and we
are done. It implies that the 2-jet
du
dt
= uv , dv
dt
= ±u2 + v2
of w(0) is C0-sufficient. Since all cases are considered, (A) follows.
(B) Necessary conditions. Indeed, suppose to the contrary, that the 2-jet of (2) is C0-
sufficient, but w(0) 6∈ J0 = E0 ∪ E2. This means that either w(0) ∈ {µ = 0, θ 6= 0} or
w(0) ∈ {µ = θ = 0, η > 0}. Let us turn to study both the cases consecutively.
(i) w(0) ∈ {µ = 0, θ 6= 0}. In this case the components P2(u, v), Q2(u, v) have a linear
common factor, L(u, v). The regular curve L(u, v) = 0 passes through the point (0, 0) and is
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filled up with the singular points. (The case of a non-isolated singularity.)
(ii) w(0) ∈ {µ = θ = 0, η > 0}. The components P2(u, v), Q2(u, v) have a quadratic
common factor, M(u, v), which is decomposable into the linear factors
M(u, v) = L1(u, v) L2(u, v) .
In this case we have a pair of straight lines (case L1 ≡ L2 is not excluded), L1(u, v) = 0,
L2(u, v) = 0 through (0, 0), filled up with the singularities of (3). (Again the case of a non-
isolated singular point.)
In both the cases, (i) and (ii), it is easy to construct a perturbation φ(u, v), ψ(u, v) of (3) by
the higher degree monomials, such that the singularity curves Li (u, v) = 0 vanish (e.g., one
can take monomials A2ku2k, B2kv2k, k > 2 for this purpose). Thus (0, 0) becomes an isolated
singularity. This is a contradiction with the assumption that the 2-jet is topologically sufficient.
Lemma 2 is proved. ¤
Let O+ (respectively, O−; respectively, O±) denote a separatrix of a singular point p, whose
nearby orbits tend to p (respectively, do not tend to p; respectively, tend to p from one side).
Clearly, every singularity can be labelled by a finite-ordered sequence of such separatrices.
(Example: O+O+ means a singularity with two elliptic sectors of the Euler–Poincare´ index
+2.)
Corollary 1. Let the 2-jet of the germ w(0) be of the class J0. Then the configurations of the
orbits near 0 are C0-conjugate to the one of topological types given by the following Table 1.
Singularity Index Normal Conditions GL2(R)-invariants
form
O+O+ +2 (I) α > 0 η < 0, µ < 0
(IV) − η = R = 0, µ < 0
O−O− 0 (I) α < 0 η < 0, µ > 0
(I) α = −1 η < 0, µ = θ = 0
(IV) + η = R = 0, µ > 0
O+O−O−O+O−O− 0 (II) αβ(α + β − 1) > 0 η > 0, µ > 0
O+O−O+O+O−O+ +2 (II) αβ(α + β − 1) < 0, η > 0, µ < 0, θ < 0
(α − 1)(β − 1)(α + β) < 0
O−O−O−O−O−O− −2 (II) αβ(α + β − 1) < 0, η > 0, µ < 0, θ > 0
(α − 1)(β − 1)(α + β) > 0
O±O+O±O+ +2 (III) α < 0 η = 0, R 6= 0, µ < 0
O±O−O±O− 0 (III) α > 0 η = 0, R 6= 0, µ > 0
Table 1. Invariants of the germs of class J0
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Proof. Follows from (4)–(11). It remains to notice only that in the cases (6) and (7) the condition
αβ(α+ β − 1) < 0 implies (α− 1)(β − 1)(α+ β) 6= 0. (The last expression is defined by the
invariant θ , introduced in Section 2.) ¤
4. Main result
As before, the space of C∞-immersions of the surface S into E3 is denoted by I (S, E3).
It is endowed with the uniform Cr -topology, in which two mappings i1, i2 : S → E3 are
ε-close if for all k 6 r and k-jets J k , |J k1 (x) − J k2 (x)| < ε uniformly in x ∈ S. Fix an
immersion i ∈ I and a point x ∈ S. Further we consider local immersions for which we fix a
Monge chart (u, v) connected with the point x . In this chart the immersion acts by the formula
(u, v) 7→ (u, v, f (u, v)), where f is of the class C∞ at (0, 0).
Consider the first and the second fundamental forms of the immersed surface
Ä
1 = E(u, v) du2 + 2F(u, v) du dv + G(u, v) dv2,
Ä
2 = L(u, v) du2 + 2M(u, v) du dv + N (u, v) dv2.
We have
E = 1+ f 2u , F = fu fv , G = 1+ f 2v ,
L = fuu√
1+ f 2u + f 2v
, M = fuv√
1+ f 2u + f 2v
, N = fvv√
1+ f 2u + f 2v
. (12)
The maximal and the minimal values of the normal curvature at x can be found from the
equation det(Ä2 − kÄ1) = 0. Dividing this equation by k one gets a quadratic equation
(M2 − L N ) k2 + (GL + E N − 2F M ) k + F2 − EG = 0. (13)
The corresponding principal directions must obey the following differential equation,
(E M − F L ) du2 + (E N − GL ) du dv + (F N − G M ) dv2 = 0. (14)
Equation (14) is the equation of minimal and maximal curvature lines, which coincides with
(1) after one identifies A(u, v) = E M − F L , 2B(u, v) = E N − GL , C(u, v) = F N − G M .
Suppose that (0, 0) is an isolated umbilical point of (14). Such a point can be neither planar nor
round sphere point what means that (13) has a double root k1 = k2 6= 0. Moreover, in this point
for the Gaussian curvature K = k1k2 it holds K > 0 and the umbilic must be an elliptic point
of the surface. Such point can always be made minimum (maximum) of the function f (that
is fu(0, 0) = fv(0, 0) = 0). Using formulas (12) for the coefficients A, B,C of the equation
(14) in (0, 0) one obtains
A(u, v) = fuv , B(u, v) = 12 ( fvv − fuu ), C(u, v) = − fuv . (15)
Since C(u, v) = −A(u, v)+ O(u3 + v3), the differential equation (14) takes the form
A(u, v) du2 + 2B(u, v) du dv − A(u, v) dv2 = 0 , A(0, 0) = B(0, 0) = 0. (16)
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(The reader will see later that equations (15)–(16) imply that f has a normal form given by the
formula (21).)
Definition 2. An isolated umbilical point given by the differential equation (16), is called
simple if the curves A(u, v) = 0 and B(u, v) = 0 intersect transversally at the point (0, 0). In
other words, the Jacobian∣∣∣ Au AvBu Bv
∣∣∣ = Au Bv − AvBu (17)
does not vanish at (0, 0).
Clearly, the above definition does not depend upon a particular choice of a chart U . If the
transversality conditions at the umbilical point are violated, then by a small perturbation in the
space I of the C∞-immersions the umbilical point can be split into a certain number of simple
(transversal) umbilical points. This motivates the use of the word “simple”. Now we are in
position to formulate the main
Theorem 1. Let x ∈ S be an isolated simple umbilical point of a given C∞-immersion i ∈ I
of the surface S into E3. Then the 3-jet of the germ i(x) at the point x is topologically sufficient.
Moreover, the configurations of lines of the principal curvature near a simple umbilical point
are exhausted by a finite number of classes represented by Figure 1.
 tripod sunset degenerate
sunset
thorn
Fig. 1.
5. Proof of Theorem 1
Roughly speaking, the proof consists in the reduction of the vector field given by (16) to a
“good” vector field with Z2-symmetry, studied earlier. We shall see that the simplicity of an
umbilic is equivalent to the condition w(0) ∈ J0. (It will allow us to apply Stability Lemma of
Section 3.) However, not all orbit configurations of Table 1 and Figure 1 are realized as principal
line configurations near an umbilical point. Simple umbilics “avoid” elliptic sectors, forming
a subclass of the class J0. (It is a pay-off result showing that not every foliation on a surface S
can be realized as a principal line configuration of some immersion i ∈ I of S into E3.)
The proof will have two parts. First, (16) is reduced by proper diffeomorphisms to the
vector field (2). Next, for the obtained normal form we check the GL2(R)-invariants of the
corresponding 2-jets. Then the theorem will follow.
Part I. Formally, a vector field which satisfies (16) can be written as
w
± =
[
−B(u, v)±
√
A2(u, v)+ B2(u, v)
] ∂
∂u
+ A(u, v) ∂
∂v
. (18)
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(In that follows, we fix one of the signs and consider w+.) As it was already mentioned, (18) is
not a “good” vector field. At the umbilical point A(0, 0) = B(0, 0) = 0 it is not analytic, and
the price for this is the singular curve A(u, v) = 0 which goes to (0, 0) from the one side. In
other words, Sing w+ = {(u, v) | A(u, v) = 0, B(u, v) > 0}. Therefore the origin of (18) is a
non-isolated equilibrium point.
Let us introduce a chain of the coordinate transformations
(u, v)
φ−→ (x, y) ψ−→ (ξ, ζ ),
where φ andψ are diffeomorphisms of U ⊂ R2 everywhere, except, may be, the origin of (18).
Let us study the action of both the diffeomorphisms step-by-step.
(i) φ acts by the formula (u, v) 7→ (A(u, v), B(u, v)). According to (17), φ is a diffeomor-
phism provided U is fixed sufficiently small. Elementary calculations in the local chart (x, y)
yield us (18) in the form
dx
dt
= 82(x, y)x −81(x, y) y +81(x, y)
√
x2 + y2 ,
dy
dt
= 92(x, y)x −91(x, y) y +91(x, y)
√
x2 + y2 .
(19)
Here
81(x, y) = Au(u, v), 82(x, y) = Av(u, v),
91(x, y) = Bu(u, v), 92(x, y) = Bv(u, v),
are C∞-functions of x, y after the substitution
u = 1
J
[
Bv(0) x − Av(0) y + O(x2 + y2 )
]
,
v = 1
J
[−Bu(0) x + Au(0) y + O(x2 + y2 )],
where J = Au(0)Bv(0)− Av(0)Bu(0) is a Jacobian of the transformation in 0. (Geometrically,
φ is a transition to the nonlinear coordinates, defined by the curves A(u, v) = B(u, v) = 0.)
(ii) ψ acts by the formula (ξ, ζ ) 7→ (ξ 2 − ζ 2, 2ξζ ). In a complex representation ψ acts by
the formula z 7→ z2. The Jacobian J (ψ) = 2(ξ 2+ ζ 2) of ψ does not vanish in U , except at the
origin where ψ fails to be a diffeomorphism. Making necessary substitutions and time-scaling
in (19), in the local chart (ξ, ζ ) it takes the form
dξ
dt
= 92ξ 2 + (82 +91 ) ξζ +81ζ 2,
dζ
dt
= 82ξ 2 + (81 −92 ) ξζ −91ζ 2
where 81, 82, 91, 92 are C∞ Z2-symmetric functions of ξ and ζ : 8i (ξ, ζ ) = 81(−ξ,−ζ ),
9i (ξ, ζ ) = 9i (−ξ,−ζ ). The “main parts” of the above functions in (0, 0) can be written as
81(ξ, ζ ) = Au(0, 0)+ O(ξ 2 + ζ 2 ), 82(ξ, ζ ) = Av(0, 0)+ O(ξ 2 + ζ 2 ),
91(ξ, ζ ) = Bu(0, 0)+ O(ξ 2 + ζ 2 ), 92(ξ, ζ ) = Bv(0, 0)+ O(ξ 2 + ζ 2 ).
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Finally, one gets a “good” system of differential equations given by a vector field with Z2-
symmetry
dξ
dt
= Bv(0, 0) ξ 2 +
[
Av(0, 0)+ Bu(0, 0)
]
ξζ + Au(0, 0) ζ 2 + O(ξ 4 + ψ4 ),
dζ
dt
= Av(0, 0) ξ 2 +
[
Au(0, 0)− Bv(0, 0)
]
ξζ − Bu(0, 0) ζ 2 + O(ξ 4 + ζ 4 ).
(20)
Clearly, (20) belongs to the class of germs given by (2).
Part II. Let f : R2→ R be a C∞-function, which defines in the Monge chart U a local
immersion i ∈ I of the same class. It was already notified that we can always assume fu(0, 0) =
fv(0, 0) = 0 in an umbilical point (0, 0). Imposing the umbilic conditions A(0, 0) = B(0, 0) =
0 yields us, taking into account (15), fvv − fuu = fuv = 0 at the point (0, 0). The germ of the
function f at an isolated umbilical point must take the form
f (u, v) = γ (u2 + v2 )+ pu3 + qu2v + ruv2 + sv3 + O(u4 + v4 ). (21)
Moreover, one can always assume q = 0, otherwise the Monge chart U should be rotated
(a transformation, which keeps Riemann metric on S). This can be shown by appropriate
calculations which we omit here.
Now let us write down (keeping notation u and v) the equation (20) in the terms of the local
immersion, given by (21)
du
dt
= 3su2 + 3(r − p) uv + φ(u, v),
dv
dt
= 2ru2 − 3suv + (3p − r ) v2 + ψ(u, v),
(22)
where φ(u, v) and ψ(u, v) are higher 2k-order monomials, k > 2. The GL2(R)-invariants of
the 2-jet of (22) are
µ = 18r(3p − r )[s2 + (r − p)2 ],
η = 16(3p − 2r )2[9s2 − 12pr + 8r2 ],
θ = (r − p)(25r3 + 81p2r + 27rs2 − 90pr2 − 54ps2 ),
R = [3r(3p − 2r )− 9s2 ] x2 + 3s(3p − 2r ) xy − (3p − 2r )2 y2.
(23)
Lemma 3. The simplicity condition, J (0) = 2r(3p − r) 6= 0, written for the umbilical point
given by (21), is equivalent to that of the 2-jet of (22) being of the class J0.
Proof of Lemma 3. (i) (⇒) Indeed, let (0, 0) be a simple umbilic, r(3p − r) 6= 0. If µ 6= 0
we are done. Let µ = 0, then s = r − p = 0 according to (23). This implies immediately that
θ = 0, η < 0. Therefore, simple umbilics are in the class J0 = {µ 6= 0} ∪ {µ = θ = 0, η < 0}.
(ii) (⇐) Conversely, let (22) be of the class J0. Now if µ 6= 0, then by (23), r(3p − r) 6= 0
and we are done. Alternatively, let µ = θ = 0, η < 0. Suppose to the contrary, that either
r = 0 or r = 3p. It can be easily seen from (23), that both conditions imply η > 0, giving a
contradiction. ¤
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The first part of Theorem 1 follows from the Stability Lemma and Lemma 3. (It remains
only to notice that the 2-jet of (22) involves the coefficients of the 3-jet of the immersion (21),
and only them.)
Now, by the Stability Lemma, studying the “shortened” system (22), we can confine ourselves
with φ(u, v) = ψ(u, v) = 0. Let us show that the simple umbilical points “avoid” principal
line configurations with an elliptic sector. Namely, taking into account Table 1, we shall prove
that
(I) condition η < 0 implies µ > 0;
(II) conditions η > 0, µ < 0 imply θ > 0;
(III) conditions η = 0, R 6= 0 imply µ > 0;
(IV) conditions η = R = 0 imply µ > 0.
Indeed, let us do it step-by-step using the invariant expressions (23). Hereby one can always
assume r = 1, since the simplicity condition and the appropriate time-scaling in (22) imply
this. Expressions (23) are transformed into
µ = 18(3p − 1)[s2 + (1− p)2 ] , η = 16(3p − 2)2[9s2 − 12p + 8] ,
θ = −81p3 + 171p2 + 54p2s2 − 115p − 81ps2 + 27s2 + 25 ,
R = [3(3p − 2)− 9s2 ] x2 + 3s(3p − 2) xy − (3p − 2)2 y2.
(24)
(I) By η < 0 one obtains 4(3p − 2) > 9s2 > 0. In other words, p > 23 . The restriction
3p − 1 > 0 follows. By (24) this means that µ > 0.
(II) Suppose that η > 0, µ < 0. Due to (24) this implies the following inequalities
9s2 − 12p + 8 > 0, 1− 3p > 0.
The invariant θ can be represented as
θ = 3(9s2 − 12p + 8)(1− 3p)− 81p3 + 63p2 − 7p + 1+ 54p2s2.
Since 9s2 > 12p − 8, the invariant θ can be evaluated from below,
θ > 3(9s2 − 12p + 8)(1− 3p)− 9p3 + 15p2 − 7p + 1
= (1− 3p)[3(9s2 − 12p + 8)+ 13 (1− 3p)2 + 23 (1− 3p)]
> 0.
(III) Suppose that η = 0. Then either p = 23 or p = 34 s2+ 23 . In both cases it is a straightforward
exercise to check that µ is positive.
(IV) Let finally, η = R = 0. This implies immediately that s = 3p − 2 = 0. The direct
substitution yields us µ = 2 > 0. We are done.
Now it remains to compare the obtained restrictions on the GL2(R)-invariants with those
given by Table 1. This yields us the principal line configurations, shown in Figure 1. (Where
the corresponding non-orientable singularities pi t/θ are pictured.)
Theorem 1 is proved.
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